Annals of Fuzzy Mathematics and Informatics

Volume x, No. x, (Month 201y), pp. 1-xx @FMH
ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version)
http://www.afmi.or.kr

© Research Institute for Basic
Science, Wonkwang University

http://ribs.wonkwang.ac.kr

Continuities and neighborhood structures in intuitionistic
smooth topological spaces

S. R. Kiv, P. K. Lim, J. H. Kim, K. HUR

Received 31 March 2018; Revised 30 April 2018; Accepted 8 June 2018
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phism, and we obtained some their properties. Next, we define an in-
tuitionistic smooth subspace and study its some properties. Finally, we
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smooth Q- neighborhood system and we obtain the the characterization
(See Theorem 5.5).
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1. INTRODUCTION

I 1965, Zadeh [37] introduced the concept of a fuzzy set as the generalization of a set. In
1986, Chang [38] was the first to introduce the notion of a fuzzy topology on a set X. After
that, many researchers [16, 17, 18, 19, 20, 23, 24, 25, 28, 29, 36] have investigated several
properties, e.g., fuzzy closure operator, fuzzy compactness, fuzzy connectedness, separation
axioms, regularity axioms, normality axioms, neighborhood structures and product, etc. in
fuzzy topological spaces.

However, in their definition of fuzzy topology, fuzziness in the concept of openness of a fuzzy
set was absent. In 1985, Kubiak [21] and Sostak [35] introduced the concept of gradation of
openness (closedness) of fuzzy sets in a set X and gave the definition of a fuzzy topology on X as
an extension of Chang's fuzzy topology [8]. After then, many researchers [9, 10, 14, 15, 26, 27, 30]

studied fuzzy topology in the above sense.
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In 1975, Zadeh [38] introduced the idea of interval-valued fuzzy sets. In 1986, Atanassov
[2] introduced the idea of intuitionistic fuzzy set. After then many researchers [2, 3, 4, 5, 6, 7]
have worked mainly on operators and relations on intuitionistic fuzzy sets and interval-valued
intuitionistic fuzzy sets. In particular, In 2010, Cheong and Hur [11] introduced the concept of
an intuitionistic interval-valued fuzzy set and studied its basic properties. In 1997, Coker [12]
introduced the idea of the topology of intuitionistic fuzzy sets. Moreover, Samanta and Mondal
[32, 33] introduced the definitions of the topology of interval-valued fuzzy sets and the topology
of interval-valued intuitionistic fuzzy sets, respectively.

On the other hand, Coker and Demirci [13], and Samanta and Mondal [31, 34] defined
intuitionistic gradation of openness (in short IGO) of fuzzy sets in Sostak’s sense thereby gave
the definition of an intuitionsitic fuzzy topology (in short, IFT). In particular, in 2005, Abbas
[1] introduced the notions of some intuitionistic fuzzy compactness in intuitionistic topological
spaces and investigated some their properties. They mainly dealt with intuitionistic gradation
of openness of fuzzy sets in the sense of Chang. But in 2010, Lim et al. [22] dealt with it in
Lowen's sense.

In this paper, we introduce the concepts of an intuitionistic smooth [resp. weak, strong] con-
tinuity and an intuitionistic smooth homeomorphism, and we obtained some of their properties.
Next, we define an intuitionistic smooth subspace and study its some properties. Finally, we de-
fine an intuitionistic smooth neighborhood system and an intuitionistic smooth Q-neighborhood

system and we obtain the its characterization, respectively (See Theorem 5.5).

2. PRELIMINARIES

In this section, we will list some concepts and results which are needed in the next sections.
Throughout this paper, X,Y, Z, etc. always denote nonempty (ordinary) sets. We will write
I=10,1],Ip = (0,1) and I; = [0, 1).

Definition 2.1 ([37]). A mapping A : X — I is called a fuzzy set in X. 0 and 1 are called
the empty fuzzy set and the whole fuzzy set in X defined by 0(z) = 0 and 1(z) = 1 for each
x € X, respectively. The set {x € X : A(z) > 0} is called a support of A and is denoted by
S(A) or Ap.

We will denote the set of all fuzzy sets as IX.

From [3], we can see that (IX,U,N,0,1) is a complete distributive lattice satisfying the
DeMorgan’s Laws with the least element 0 and the greatest element 1.

Definition 2.2 ([8, 29]). Let f : X — Y be a mapping, let A € IX and let B e IY.
(i) The image of A under f, denoted by f(A), is a fuzzy set in Y defined as follows: for each
yey,
V A@) iy #o
fA) () =19 r@=y
0 if f~'(y) =92,
(ii) The preimage of B under f, denoted by f~1(B), is a fuzzy set in X as follows: for each
r e X,
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Let I T ={(a,b) € I xI:a+b<1}, let (a,b),(c,d) € I and let {(an,ba)}acr CTDI.
We define the following(See [11]):
i) (a,b) < (¢,d) iff a < cand b>d,

ii) (a,b) = (¢,d) iff (a,b) < (¢,d) and (¢, d) < (a,b),
iii) (a,b)¢ = (b,a), where (a,b)¢ denotes the complement of (a,b),

(
(
(
(iv) \/ (@a,ba) = (\/ Ao, /\ ba),

ael acl acl
(v) /\ (A ba) = (/\ Ao, \/ ba)-
ael’ ael acl

Each member (a,b) of I @ I is called an intuitionistic point. When the elements of I & I are
denoted be capital letters M, N, .-, we write M = (uar,va), N = (un,VN), -+, where pups

and vy are the membership and the nonmembership points, respectively.

From Theorem 2.1 in [11], we can see that (I & I, <) is a complete distributive lattice with

the greatest element (1,0) and the least element (0, 1) satisfying DeMorgan’s laws.

The following is the modification of the concept of the concept of intuitionistic fuzzy sets
introduced by Atanassov (See [2]).

Definition 2.3 ([11]). A mapping A : X — I &1 is called an intuitionistic fuzzy set in X and

we write A(z) = (ua(z),va(x)) for each x € X. 0 and 1 are the empty intuitionistic fuzzy set

and the whole intuitionistic fuzzy set in X given by 0(z) = (0,1) and 1(z) = (1,0), respectively.
We denote the set of all intuitionistic fuzzy sets in X as (I © I)X.

Definition 2.4 ([2]). Let A, B € (I® )X and let {A,}aer C (I®I)*. Then the union U Aq,
acTl’
the intersection ﬂ A, the complement A° of A and the inclusion A C B are defined as follows:

acl
for each x € X,

@) (U 40)@) = (\ pa, (@), )\ va.(2)),

aecll ael acl
(i) () Aa)(@) = (N nan(@), \ va, (@),

(iii) A°(2) = (va(2), pa(z)),
(iv) AC B iff pa(z) < pp(z) and va(x) > vp(z).

We can easily see that ((I©1)%,U,N) is a complete distributive lattice with the least element
0 and the greatest clement 1 satisfying DeMorgan’s laws.

A fuzzy set A € IX is called a fuzzy point in a nonempty set X with the value A € I and
the support « € X, denoted by xy, if A(z) = X and A(y) = 0, for each z # y € X. We will
denote the set of all fuzzy points in X as Fp(X). A fuzzy point x) in X is said to belong to a
fuzzy set A denoted by x5 € A, if A(x) > \. Let ) € Fp(X) and let A € IX. Then z, is said to
be quasi-coincident with A, denoted by xxgA, if A(z)+ A > 1. The negation of the statements

x) € A and 2)gA will be symbolized by the notations 2, ¢ A and z,gA, respectively (See [28]).
3
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Result 2.5 ([25], Proposition 2.3). Let {As}aer C IX. Then x, q( U Ay) ifand only if 3a €T

acl
such that x, qAq.

For each « € I, a mapping o : X — [ is called the a—constant fuzzy set in X, if a(z) = «,
for each = € X.

Definition 2.6 ([23]). A fuzzy topology or Lowen's fuzzy topology on a set X is a collection
§ C IX satisfying the following three axioms:

(FTl) e €4, Vael,

(FT2) ANBe€d, VABES,

(FT3) | J Aa €6, V {Aa}acr C 6.
a€el
The pair (X, ) is called a fuzzy topological space(in short, fts) and we denote the set of all

fuzzy topologies on X as FT(X). A fuzzy set A is said to the closed in X, if A € 4.
If we replace the condition on (FT1) by the weaker condition

(FT1)' 0,1 €6
then ¢ is called a quasi-fuzzy topology or Chang s fuzzy topology on X (See [8]). The pair
(X, 9) is called a Chang s fuzzy topological space. And we will denote the set of all Chang’s
fuzzy topologies on X as QFT(X).

Definition 2.7 ([28]). Let (X,0) be fts.

(i) A subfamily B of § is called a base for 9, if for each A€, I3 B4 CBst. A=JDBa.

(ii) A subfamily S of ¢ is called a subbase for 4, if the family B = {(| F : F is a finite subset of S}
is a base for .

Definition 2.8 ([25]). Let (X,6) be a fts, let A € IX and let z) € Fp(X).
(i) A is called a neighborhood (in short, nbd) of xy, if

dBe€ds.t.xy€ BCA.
(ii) A is called a @Q-neighborhood (in short, @-nbd) of xy, if
I Be€dst. xygB C A

The family consisting of all the nbds [resp. @Q-nbds] of x is called the system of nbds [resp.
Q-nbds| of ) and is denoted by N (zy) [resp.Ng(zy)]. A nbd [resp. @-nbd] A is said to be
open, if A €4.

Result 2.9 ([28], Proposition 2.4). Let (X,d) be an fts and let B C §. Then B is a base for
d if and only if for each x, € Fp(X) and for each U € Ng(x,), 3 B € B such that x,qB C U.

The following is the modification of the notion of an intuitionistic gradation of openness

introduced by Mondal and Samanta [34].

Definition 2.10 ([22]). Let X be a nonempty set. Then a mapping 7 = (p,,v,) : [X = I ® T
is called an intuitionistic smooth topology(in short, ist) or a family of intuitionistic fuzzy open
sets on X, if it satisfies the following conditions :
(IST1) 7(ex) = (1,0), Y a € I,
(IST2) pur (AN B) > pr(A) A pr(B) and v, (AN B) < v, (A)Vuv.(B), ¥V A B e IX,
4
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(1ST3) 11 (| ) Aa) = N\ #-(Aa) and v, (| 4a) < \/ v-(4a), ¥V {Aa}aer C I¥.

ael acl acl acl
The pair (X, 7) is called an intuitionistic smooth topological space (in short, ists).

In the above Definition, if we replace the condition(IST1) by the following condition

(IST1)'7(0) = 7(1) = (1,0),
then 7 [resp. (X, 7)] is called an intuitionistic gradation of openness [resp. intuitionistic fuzzy
topological space] (See [34]). In this case, we will call 7 [resp. (X, 7)] as an intuitionistic quasi-
smooth topology [resp. intuitionistic quasi-smooth topological space (in short, igsts)]. We will
denote the set of all intuitionistic quasi-smooth [resp. smooth] topologies on X as IQST(X)
[resp. IST(X)]. Tt is clear that if (X, 7) is an sts, then it is an igsts, i.e., IST(X) C IQST(X).

Let 2 = {0,1}. Since we can regard (0,1) and (1,0) € 2@ 2 as (0,1) = 0 and (1,0) = 1,
respectively, restricting the definition to 7 : IX — 262 gives us the definition of a fuzzy topology
in the sense of Lowen (See [23]). Putting 7 : 2% — 2 & 2, we even obtain a (crisp) topology on
X again. Of course, if 7 is an igsts, the alternation of the definition to 7 : IX — 2@ 2 gives us

the definition of the fuzzy topology in the sense of Chang (See [8]).

Definition 2.11 ([22]). Let X be a nonempty set. Then a mapping C = (uc,ve) : [X - T® 1
is called an intuitionistic smooth cotopology (in short, isct) on X if it is satisfies the following
conditions:

(ISCT1) C(ex) = (1,0), V€ I,

(ISCT2)  pe(AUB) = uc(A) A pc(B)

and
ve(AUB) <wve(A)Vue(B), VABE IX,
(ISCT3)  pe(() Aa) = N se(Aq)

acl acl
and
VC( m Aa) < \/ VC(Aa)a v {Aa}ozel" C I~
ael ael

The pair (X,C) is called an intuitionistic smooth cotopological space(in short, iscts).

In the above Definitions, if we replace the condition (ISCT1) by the condition

(ISCT1) 7(0) = (1) = (1,0),
then 7 [resp. (X, 7)] is called an intuitionistic gradation of closedness [resp. intuitionistic fuzzy
cotopological space] (See [34]). In this case, we will call C [resp. (X, C)] as an intuitionistic quasi-
smooth cotopology [resp. intuitionistic quasi-smooth cotopological space (in short, igscts)].
We will denote the set of all intuitionistic quasi-smooth [resp. smooth] cotopologies on X as
IQSCT(X) [resp. ISCT(X)]. It is clear that if (X,C) is an iscts, then it is an isgcts, i.e.,
ISCT(X) C IQSCT(X).

Definition 2.12 ([22]). Let (X,7) be an ists and let (A, ) € I @ I. We define [7]() ,) and
[7]{x .y as follows, respectively:

(1) [ = {A € 17X pr(A) > A, v (A) < pa,

(i) (77 = {4 € I+ jin(A) > A, vo(A) < p}.
We call [](x ) [resp. [7][y )] the (A, p)—level [resp. strong (A, u)—level] of 7. If (A, ) = (0, 1),
then [1]0,1) = %, ie., [T](0,1) is the discrete fuzzy topology on X and if (A, ) = (1,0), then
[7]{1,0) = @- Moreover, we can easily see that for any (A, ) € I &1, [7]{, ) C T(ap)-

5



S. R. Kim et al./Ann. Fuzzy Math. Inform. x (201y), No. x, xx—xx

Result 2.13 ([22], Proposition 3.8). (1) Let {d(xu)}ap)erar be a descending family of fuzzy
topologies on X such that 6 1) is the discrete fuzzy topology on X. We define the mapping
7:1X 5 I ® 1 as follows: for each A € IX,

7(4) = Vaespy A Nacsis, 1)
Then T €IST(X).

(2) If oa ) = m Sn s for each (N, p) € Io @ Iy, then [T](x 1) = 0(x,p0)-
(N,p)<(Xp)
(3) Alternatively, if 6(x ) = U Sn ), for each (A, pu) € It @ Iy, then [T]’(*/\)M) =
(N,1")> (N p)
Jewnp

Result 2.14 ([22], Proposition 3.11). Let (X,d) be a fuzzy topological space and for each
(\ ) € In ® I, we define the mapping S - IX — T & T as follows: for each A € T,

(1,0)  if Ais a constant fuzzy set,
s (A) = (A 1) if A€ 6 but not a constant fuzzy set,
(0,1) otherwise.

Then 61 €IST(X ) such that [§O]y ) = 4.
In this case, 0**) is called (), u)—th intuitionistic gradation on X and (X,5**) is called
a (A, u)—th graded intuitionistic fuzzy topological space.

3. INTUITIONISTIC SMOOTH CONTINUOUS MAPPING

If we want to consider a category of intuitionistic smooth topological spaces, we need, besides
the objects, in the category, also a description of the morphism between them. For crisp
topological spaces, these morphisms were continuous mappings. For fuzzy topological spaces,
as can be seen in, e.g. [23], a mapping f : (X,d) — (Y,0’) is said to be fuzzy continuous, if
f71(A) €6, for each A€ §'.

Now we define an intuitionistic smooth continuous mapping.

Definition 3.1. Let (X, 7,) and (Y, 7,) be two ists. Then a mapping f : X — Y is said to be:
(i) intuitionistic smooth continuous [34], if it satisfies the following conditions: for each
AecIY,
pir, () < or, (F71(4))
and
vr, (A) = v (F71(4)),
(ii) intuitionistic smooth weakly continuous, if it satisfies the following conditions: for each
AcIY, pir, (A) > 0 and vy (A) < 1imply pr (f7'(A)) >0 and v, (f~'(4)) <1,
(iii) intuitionistic smooth strongly continuous, if 7,(A4) = 7, (f~1(A)), V A€ IY.

It is clear that intuitionistic smooth strong continuity = intuitionistic smooth continuity =

intuitionistic smooth weak continuity. However the converse may not be true, in general.
Example 3.2. (1) Let X = {a,b,c,d}, and let A and B be two fuzzy sets in X defined as
follows:
1 if x=0b,d
Alz) = { if x ,

0 if z=a,c
6
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and
Bz) = 1 .ifx:a,c,
0 if x=0b,d.
For each i = 1,2, we define the mapping 7, : IX — I ® I as follows:
11
22)
Then it is clear that (X,7,) and (X, 7,) are two ists. Consider the identity mapping 1x :

Ti(a) = (170)7 7—1(14) = T1(B) = (170)7 T2(A) = Tz(B) = (

(X,7,) = (X, 7,). Then we can easily see that 1x is intuitionistic smooth weakly continuous,
but not intuitionistic smooth continuous.

(2) Let O be the set of all odd numbers of N and let A, = {1,3,...,2n — 1}. For each
i =1,2, we define the mapping 7, : I — I @ I as follows: for each A € I,

(%71_%> lfA:XOa
7,(A) = (max{%,ﬁ}, mm{%,ﬁ}) it A=xa,,
(1,0) if Ae X\ {xo,xa,}

Then clearly (X, 7,) is an ists. Consider two identity mappings 1x : (X, 7,) — (X, 7,) and 1% :
(X,7,) = (X,7,). Then we can easily see that 1x in intuitionistic smooth weakly continuous
but not intuitionistic smooth continuous, and 1% is intuitionistic smooth continuous but not

intuitionistic smooth strongly continuous.

Remark 3.3. Let (X,7) and (Y, 72) be ists and let f : X — Y be a mapping. Then it
is obvious that if f : (X,7) — (Y,72) is intuitionistic smooth [resp. weakly and strongly]
continuous, then f : (X, pr ) = (Y,vr,) and f : (X,,°) — (Y,r.$) are smooth [resp. weakly
and strongly] continuous.

Proposition 3.4. Constant mappings are always intuitionistic smooth continuous.

Proof. Let (X, 7,) and (Y, 7,) be two ists and let f : X — Y be any constant mapping, say
f(z) =y, €Y, for each z € X, where y, € YV is fixed. Let A € IV and let z € X. Then
FH(A)(z) = A(f(x)) = A(y,). Thus f~1(A) is a constant fuzzy set in X. So 7,(f~1(4)) =
(1,0). Hence pr (f7'(A)) = 1 > pr (A) and v, (f7'(A)) = 0 < v; (A). Therefore f is

intuitionistic smooth continuous. g
The following is the immediate result of Definition 3.1.

Proposition 3.5. The identity mapping 1x : (X,7,) = (X,7,) is intuitionistic smooth con-
tinuous.

The following is the immediate result of Definitions 2.12 and 3.1.

Theorem 3.6. Let f: (X, 7,) = (Y,7,) be a mapping. Then

(1) f is intuitionistic smooth continuous if and only if for each A € IV,

pe, (A) < e, (F7HA) and v (A) 2 v (F71(A)),

(2) f is intuitionistic weakly smooth continuous if and only if p, (A) >0 and p, (A) <1
T2 T2
imply fe,, (f71(A)) >0 and He (f~1(A4)) <1, for each A€ IY.

Proposition 3.7. Let (X,7,),(Y,7,) and (Z,7,) areists. If f: X - Y and g: Y — Z are

intuitionistic smooth continuous, then so is g o f.
7
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Proof. Let A € I?. Then
por, (A) < pir, (g7 1(A)) [Since g is intuitionistic smooth continuous]
< pr (7' (97" (A))) [Since f is intuitionistic smooth continuous]

= pr, (g0 £)7H(A))

and
Vr, (4) > Vr, (97(A))
>vr (f1(971(A)
=vr, (g0 f)~1(A)).
Thus g o f is intuitionistic smooth continuous. O

By Propositions 3.5 and 3.7, we can see that IST(X) forms a concrete category.

Theorem 3.8. Let f: (X,7,) = (Y, 7,) be a mapping between intuitionistic smooth topological

spaces. Then f is intuitionistic smooth continuous if and only if for each (\,u) € I ® I,

f (X, [Tl](/\7u)) — (Y, [7'2](/\,“)) 18 fuzzy continuous.

Proof. (=): Suppose f is intuitionistic smooth continuous. Then clearly i, (A) < pur (f~(A))
and v (A) > v, (f7'(A), VA € IV. Let B € [r,](x ), for each (A\,p) € I @& I. Then
A < 1y (B) < jin, (f71(B)) and > vy (B) > vr, (f~1(B)). Thus [~'(B) € [r]np. 50
[ (XS low) = (Y1) is fuzzy continuous.

(<): Suppose the necessary condition holds and let A € IY.

If 7,(A) = (0,1), then clearly, pir (A) =0 < pr (f~'(A)) and v, (A) =1 > v, (f71(A)).

If 7,(A) = (\,pu) € Ip® I, then A € [r,](5,)- By the hypothesis, f~'(A) € [r,](x -
Thus i, (A) = A < pr (f71(A)) and vy (A) = p > v (f71(A)). So, in all cases, pr, (A) <
pir, (f7H(A)) and vr (A) > vy (f7'(A)). Hence f: (X,7,) = (Y,7,) is intuitionistic smooth

continuous. O

Theorem 3.9. Let (X,d1) and (Y,02) be fts and let f : X — Y be a mapping. Then f :
(X,61) — (Y, 02) is fuzzy continuous if and only if f : (X, 69’”)) — (Y, Jé’\’“)) is intuitionistic
smooth continuous, for each (A, pu) € Iy & I;.

Proof. (=): Suppose f : (X,01) — (Y,82) is fuzzy continuous and let A € IY. Then we have
the following possibilities:

(i) A is a constant fuzzy set,

(i) Ae o\ {a:a e},

(ii)) A ¢ 6.

Suppose A is a constant fuzzy set. Then 58’”)(14) = (1,0), and f~'(A) = 0 or 1. Thus
S (F71(A)) = (1,0). So

pspn (A) =1 = psonn (f71(A))
and
V(;;A,u) (A) =0= Vgix,“)(f_l(A)).

Suppose A € §3 \ {a : @ € I}. Then 59’“)(14) = (A p). Since f : (X,8) = (Y, d2) is
fuzzy continuous, f~1(A) € §;. Moreover, f~1(A) is not a constant fuzzy set in X. Thus
S (F71(A)) = (A, ). So

pspm (A) = A = g5 (F71(A))
and
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vsonn (A) = i =vsoum (F7H(A)).
Suppose A ¢ d5. Then (59’”) (A) =(0,1). Thus
psnn (A) = 0 < prgonn (F71(A))
and
Véé)"“) (A)=1> Véi’\’“) (fil(A))
Hence, in all cases, 150 (A) < ,ugix,“)(f_l(A)) and V(gx,w(A) > y(;ix,“)(f_l(A)).
Therefore f : (X, (59’”)) — (Y, 55’\’“)) is intuitionistic smooth continuous, for each (A, u) €
Lol
(«): Suppose the necessary condition holds. From Result 2.14 and Theorem 3.8, we can see
that f: (X,01) — (Y, d2) is fuzzy continuous. This completes the proof. d

Theorem 3.10. Let (X,7) be an ists and let f: X — Y be a mapping. Let {6 1)} xp)etoan
be a descending family of fuzzy topologies on'Y and let 7' be the ist on' Y generated be this
family. For each (X, 1) € Io® 11, let By ) be a base and let Sy ) be a subbase for oy ). Then

(1) f: (X,7) — (Y,7') is intuitionistic smooth continuous if and only if X\ < u.(f~1(A))
and p > v-(f~HA)), VA€, V(N p) €lydl,

(2) f: (X,7) — (Y,7') is intuitionistic smooth continuous if and only if X < u,(f~(A))
and p > v (f7H(A)), Y A€ B, ¥V (\p) € lo® I,

(3) f : (X,7) — (Y,7') is intuitionistic smooth continuous if and only if X\ < u.(f~1(A))
and p > v-(f7HA)), VAESH, V(N ) €lo® .

Proof. (1) (=): Suppose f : (X,7) — (Y,7') is intuitionistic smooth continuous. For each
(A p) € In® In, let A € 6y, ,). Then
pir(f1(A)) = pr (A) [By the hypothesis]
> A [By Result 2.13 (1)]
and
V(71 (4)) < ver(A) < o
(<=): Suppose the necessary conditions holds. Let A € IV and let 7/(A) = (\, ) € Iy @ I;.
Then A € (5 ). Thus, by hypothesis,
H’T(fil(A)) Z A= Hr’ (A)
and
vr(fH(A) S =vr(A) < p
So f:(X,7) — (Y, 7') is intuitionistic smooth continuous.
Arguing as above and using Definition 2.8, we get (2) and (3). O

Definition 3.11. Let 7, and 7,[resp. C; and C3] be intuitionistic smooth topologies [resp.
intuitionistic smooth cotopologies] on X and Y, respectively. Then a mapping f : X — Y is said
to be intuitionistic smooth open [resp. closed], if i, (A) < pr (f(A)) and v7 (A) > v (f(A))
fresp. 1o, (A) < e, (F(A)) and v, (4) = v, (F(A))], ¥ A € IV,

Definition 3.12. Let (X, 7,) and (Y, 7,) be two ists. Then a mapping f : X — Y is called an
intuitionistic smooth homeomorphism, if f is bijective, and f and f~! are intuitionistic smooth

continuous.

The following is the immediate result of Definitions 3.1, 3.11 and Theorem 3.6 (1).
9
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Proposition 3.13. Let X and Y be two sets and let {6(x )} (npyeromn and {5(/\7#)}(%“)610@11
be two descending families of fuzzy topologies on X and Y, respectively, and let f : X — Y be
a mapping. If f: (X,00x)) — (Y, 52%#)) is fuzzy continuous [resp. open and closed] for each
(M p) € In® I, then f: (X,7) — (Y,7') is intuitionistic smooth continuousfresp. open and
closed] w.r.t. the intuitionistic smooth topologies T and 7' generated from the families {6z .y}

and {0, ,}-

4. INTUITIONISTIC SMOOTH SUBSPACE

Let Y C X and let A € IX. Then the restriction of A on Y is denoted by A |y . For each
A €IV, the extension of A on X, denoted by Ax, is defined as follows: for each z € X,

A(x) if ze€Y,
0 if zeX\Y.

Proposition 4.1. Let (X, 7) be an ists and let Y C X. We define the mapping 7, : IY — I ®1
as follows: for each A € IV,
7 (4) = ( \/ pr(B), /\ v:(B)).
BelX, A=B|y BelX, A=B|y

Then T, is an intuitionistic smooth topology on'Y, jir (A) > p(Ax) and vr (A) < v (Ax),
for each A € IY.

In this case, the intuitionistic smooth topological space (Y, 7, ) is called a subspace of (X, )
and 7, is called the intuitionistic smooth topology on Y induced by 7.

Proof. For each A € IY,let A= B |y and B € IX. Since 7 €IST(X), p1-(B) < 1—v,(B). Thus
\/ pr(B) < \/ (I-v(B))=1- /\ ve(B).

BelIX, A=B|y BelIX, A=Bl|y BelX, A=B|y
So pr, (A) <1 —wv; (A). Hence 7, : IY — I &1 is a mapping.
It is obvious that the condition (IST1) holds.
Let A, B € IY. Then
piry, (A) = Veerx, A=Cly 1 (C), pir, (B) = \/DeIX, B=Dl|y pir (D)
and
VTY (A) = /\CGIX, A=Cly Z/T(C')7 V-,—Y (B) = /\DGIX, B=Dl|y Z/T(D).
Thus
pir, (AN B) = Venpers, anp=cnp)y #r(CND)
2 vaDeIX, AnB:(CmD)|y[/~LT(C) A 7 (D)] [Since 7 €IST(X)]
= (\/CeIX, A=Cly 17 (C)) A (\/DGIX, B=Dl|y (D))
= pir, (A) A pir (B).
Similarly, we have v (AN B) <wv; (A) Vv, (B). So the condition (IST2) holds.
Now let {Aq}aer € IY. Then, for each a € T,

Hry, (Aa) = \/ pr(Ba)

Bo€IX, Ag=Ba.l|y

and
v (Aa) = A vy (Ba).
Bo€IX, Ao=B.|y
Thus

10
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ﬂry(UAa): \/ /“LT(UBO‘)

o€l Uaer Ac€IX, User Ba=(Uqer Ba)ly ael

> \V [\ - (Ba)]
Boa€IX, Aq=B,|y o€l
>Nl V(B
@€l BoeIX, Aa=Baly
= /\ Hr,, (Aa)-
ael’
Similarly, we have v;_( U Ay) < \/ Vs, (Aa). So the condition (IST3) holds. Hence 7, €IST(Y).
aecll ael’
It is clear that p, (A) > pr(Ax) and v; (A) < v;(Ax), for each A € IY from the definition
of 7. O

Proposition 4.2. Let (Y,7,) be an intuitionistic smooth subspace of (X,7) and let A € IY .
Then
We, =0\  p. B, N\ v (B) whereCr (A) =1, (A%,
BeIX,A=Bly BeIX,A=Bly
(2)if ZCY C X, thent, =(1,),.

Proof. (1) Let A € IY. Then
fe, (A) = pr, (A%)
- \/ MT(B)
BeIX, A°=Bly
= \/ pr(B)
BegIX, A=B¢|y
= \/ NCT(BC)

BeeIX, A=Bc|y

= \/ K, (A)

CelX, A=C|y
On the other hand,

Ve (A) = vr, (4°)
= /\ v-(B)

BeIX, Ac=Bly

= /\ VT(B)

BeelX, A=B¢|y

= /\ VCT(BC)

BeeIX, A=Be|y

= /\ Vc,-y (C)

CelX, A=C|y
Thus the result holds.

(2) Let A € IZ. Then
fi(r, ), (A) = Ve, (B)

BeIY, A=B|z
-V [V o)
BelY ,A=B|z CelX, B=C|y
CelX, A=C|z
= Hr, (A).
11
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On the other hand,
Vir, ), (A) = N v (B)

BeIY, A=B|z

= A [ A wO)

BelY ,A=B|z CeIX ,B=C|y

= \/ VT(C)

CEIX, A:C‘Z
= v (A).
Thus 7, = (1,,) ,- O

Proposition 4.3. Let f : (X,7,) = (Y,7,) be an intuitionistic smooth continuous mapping
and let Z C X. Then the restriction mapping f |z: (Z,(m1),) — (Y, 7,) is also intuitionistic
smooth continuous.

Proof. Let A € IY. Then
Hiry, (Fl2)71(A) = Vp-, (B): Be IX, (f12)7'(A) =Bz}
> pr, (F7H(A))
> Hr, (A)
and
Ve, ((F 12)7H(A) = Mun, (B) : B e IX, (£12)71(4) = B |)
< vr (F1(4))
<v., (A).

Thus f |z is intuitionistic smooth continuous. O

5. NEIGHBORHOOD STRUCTURES IN INTUITIONISTIC SMOOTH TOPOLOGICAL SPACES
For a mapping M : IX — I & I and (\,u) € I} @ Iy, let us define the family
[M]OW) = {A e T*:pu, (A) > \and v, (A) < u}.

Definition 5.1. Let (X, 7) be an ists. Then a mapping 3 : IX — I @1 is called an intuitionistic
smooth base of 7, if for each (\, ) € I} ® Iy, [r]**) =U{B": B’ C [B]MW}.

Theorem 5.2. Let (X,7) be an ists. Then a mapping f : IX 5 I @1 is an intuitionistic
smooth base of T if and only if for each (\, ) € I ® Iy, if x5 € Fp(X) and A € 7™ such that
xAqA, then there exists a B € [f]MH) such that xygB C A.

Proof. (=): Suppose a mapping (3 : IX — I @I is an intuitionistic smooth base of 7. Then, by
Definition 5.1,

[r]*H) = U{B’ B [B]PM}, for each (A, p) € I @ .

Let 2) € Fp(X) and let A € IX such that zxgA and A € [r]*#). Then there exists a By C
[B]*#) such that A = | Bo. Thus zrq(lJ Bo). So, by Result 2.9, z,¢B, for some B € . Hence
the necessary condition holds.

(«<): Suppose the necessary condition holds. Assume that the mapping 3 : IX — I @ I is
not an intuitionistic smooth base of 7. Then there exist (Ao, o) € Iy @ Ip and A € [r](Poso)
such that A # |J B’ for all B/ C [B](Ao#0), Let f* = {B € [B]*o#0) : B € A} and let G = | B*.
Then clearly A # G. Thus there exists a € X such that G(z) < A(z). Let a = 1 — G(z).

Then clearly z, € Fp(X). Moreover, 1 = G(z) + o < A(z) + a.. Thus z,qA.
12
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On the other hand, B C G for each B € 8*. Then
B(z)+a<G(z)+a=1
Thus 2,gB for each B C A and B € [8](*0:#0). This is a contradiction. So § is an intuitionistic
smooth base of 7. O

Theorem 5.3. Let (X,7) be an ists. Then a mapping B : IX — I @ I is an intuitionistic
smooth base of T if and only if for each A € I* and p € Fp(X) such that pqA, p,(A) <
V{ns(B) : B € I* and pgB C A} and v, (A) > N{vs(B): B € I* and pgB C A}.

Proof. (=): Suppose a mapping 3 : IX — I @ I is an intuitionistic smooth base of 7. Let
p € Fp(X) and let A € I such that pgA.
Suppose 7(A) = (0,1). Then clearly the required inequalities hold.
Suppose 7(A) # (0,1), i.e., ur(A) =X >0and v, (A) = p < 1, where A+ p < 1. Let € and
€2 be arbitrary 0 < ¢ < X and p < €2 < 1. Then
wr(A) > X —ep, vr(A) <p+eand (A —e) + (p+e) <1
Thus A € [r]*—cv#+e2) By Theorem 5.2, there exists B € [3]A~€#+¢2) guch that pgB C A.
So
V{ps(B) : BeI*,pgB C A} >\ — ¢
and
MNuvs(B) : B e IX,pgB C A} < pu+ 2.
Since €1 and €5 are arbitrary,
V{us(B) : B € I*,pgB C A} > X = - (A)
and
Mvs(B) : BeI¥,pgB C A} < p= v, (A).
So, in either cases, the required inequalities hold.
(<=): Suppose the necessary condition holds. Let e € Fp(X) and let U € [7]**) such that
eqU, where (A, u) € Iy ® Iy. Then p,(U) > A and v, (U) < p. By the hypothesis,
A< ur(U) <\ {us(B): BeI¥ and eqgB C U}
and
> v (U) > N{vg(B): B€I* and eqB C U}.
Thus there exists a B € IX such that eqB C U, pug(U) > X and v3(U) < 8. So B € []*#)
and eqB C U. Hence, by Theorem 5.2, 8 is an intuitionistic smooth base of 7. O

Definition 5.4. Let (X, 7) be an ists and let p € Fp(X) be fixed.
(i) A mapping N, : I — I & [ is called the intuitionistic smooth neighborhood system of p
w.r.t. 7, if for each (A, u) € I @ Ip,

W ={AeI*: 3T e[r]™)) (peT cC A}

The real number 4. (A) [resp. vy, (A)] is called the degree of neighborhoodness [resp. non-
neighborhoodness] of A to p.

(ii) A mapping Q, : I — I &1 is called the intuitionistic smooth Q—neighborhood system
of p wr.t. 7, if for each (A, ) € I @ Iy,

Q)M ={AeT¥: AT e [r]™) (pgT C A)}.

The real number g, (A) [resp. vg,(A)] is called the degree of QQ—neighborhoodness [resp.

non-@Q-neighborhoodness] of A to p.
13
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Theorem 5.5. Let (X, 7) be an ists and let p € Fp(X) be fized.
(1) A mapping N, : IX — I @I is the intuitionistic smooth neighborhood system of p w.r.t.
7 if and only if for each A € IX,

(M (V):VelX peV cC A}, if peA,
N, (A) = MNv(V):VelX peV cA))
(0,1) if pé¢A.

(2) A mapping Q, : I* — I & I is the intuitionistic smooth Q—neighborhood system of p
w.r.t. T if and only if for each A € I,

(V{p-(V): V e IX,pqV C A}, if pgA,
Qp(A) =3 N (V) :V eTI¥X pgV C A})
(0,1) if pgA.

Proof. (1) (=): Suppose a mapping N, : I — I &1 is the intuitionistic smooth neighborhood
system of p w.r.t. 7. Let A € IX.

Case(i): Suppose p ¢ A. Assume that N, (A) # (0,1), i.e., py, (A) > 0or v, (A) < 1. Then,
by the hypothesis and Definition 5.4 (i), there exists a T € [7](®}) such that p € T C A. Thus
p € A. This is a contradiction. So N,(A) = (0,1).

Case(ii): Suppose p € A. Then we may have N,(A) = (0,1) or N,(A) # (0, 1).

If N,,(A) = (0,1), then it is obvious that

f, (A) =0 < \/{p(V): VeI¥ peV c A}
and

vy, (A)=1> \{v(V): VeIX,peV c A}
Furthermore, suppose that

VAiw-(V): Vel peVcAp=x1>0

and
Nv-(V):Vel¥pevcA=p<l.
Then there exists a V € I such that p, (V) > 0,v.(V) <land pe V C A.
Thus, by the hypothesis and Definition 5.4 (i), A € [N,] (V. So N,(A) # (0,1). This is a
contradiction. Hence
N, (A)

=(\V{u(V):VelXpeVCAL N (V):VelX peV CA}

=(0,1).

Suppose Np(A) # (0,1), ie., py, (A) = A > 0or vy (A) = p < 1. Let ¢ and ey be
arbitrary 0 < ¢ < A and p < €5 < 1. Then UNP(A) > A — ¢ and VNP(A) < i + €2. Thus
A € [N,] A—ente) By the hypothesis, there exists a T' € [r]*~€1#F€2) such that p € T C A.
So

Viw-(V):Vel*peVcAr>A—q
and

Ny-(V):VelXpeV Al <p+e.

Since €1 and ey are arbitrary,

(5.5.1) VAip-(V):Ver¥ peV c A} =p, (A
14
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and
(5.5.2) Np-(V):VelXpeV c Al <p=u,, (A).
On the other hand, let
\/{uT(V):VGIX,pEVCA}:a>O
and
Nv-(V):Vel¥pevVcAr=p<1.

Let €1 and ey be arbitrary 0 < €1 < o and 8 < €3 < 1. Then there exists a V € IX such that
pr(V)>a—e,v,(V)<B+eandpeV C A Thus V € [r]l@=cvb+e) and p € V C A. So by
the hypothesis, A € [Np](®=#%<) ey (A) > a—e and v (A) < B+ €. Since €; and
€2 be arbitrary,

(5.5.3) fin, (A) = a=\{p(V): VeI¥ peV c A}
and
(5.5.4) v, (A) <B= N{v,(V): VeI¥ peV cA}

Hence, by (5.5.1), (5.5.2), (5.5.3) and (5.5.4),
Nop(A) = \{p-(V): VeT¥ peV c A}, N{v-(V): VeI¥ peV C A}).

This completes the proof of the necessity.
(«<=): Suppose the necessary condition holds. For each (\,u) € I @ Iy, U € [Np] AM ie.,
i, (U) > X and v, (U) < pi. Then, by the hypothesis,

A< iy, (U)=\/{u(V): VeIX peVcA}

and
p> v, (U) = N (V):Vel* peV c 4.

Thus there exists a V' € IX such that u, (V) > \,v(V) <pandp €V C U. So V € [r]*#)
and p € V C A. Hence Np()"”) c{Uel*:3TerM) (peT ClU)}.

On the other hand, suppose there exist (A, ) € I © Ip and T € [r]**) such that p € T C U.
Then

po, (U) = \/{u-(V): VeIX peV CA} >
and
v, (U) = N{r-(V):Vel¥peVcA<p
Thus U € [N,] M. So {U e IX : AT € [r]M) (pe T CU)} C [N,] MH.
Hence Np(k’“) ={UecIX:3T¢€[r]M) (peT cCU)}. Therefore N, is the intuitionistic

smooth neighborhood system of p w.r.t. 7.
(2) The proof is similar to (1). O

In the following result, we show that the intuitionistic smooth @Q—neighborhood system of
a fuzzy point w.r.t. an ist 7 can be given exactly in terms of an intuitionistic smooth base of

such 7.
15
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Theorem 5.6. Let (X,7) be an ists, let a mapping B : X — I ® I be an intuitionistic smooth
base of T and let p € Fp(X) be fived. Then a mapping Q, : IX — I ® I is the intuitionistic
smooth Q—neighborhood system of p w.r.t. T if and only if

(V{us(B): Be I*,pgB C U}, if pqU
QpU) =3 Mwvs(B): BeI¥,p¢BCU})
(0,1) if pqU,

for each U € IX.

Proof. By Theorem 5.2 and Definition 5.4 (ii), (), is the intuitionistic smooth ¢— neighborhood
system of p w.r.t. 7 if and only if for each (\,u) € I} @ Ip, [Q,] M = {U € I¥ : (3B ¢
[B]*#) (pgB € U)}. By using this fact, we complete the proof in a way similar to that of
Theorem 5.5 (2). O

Proposition 5.7. Let (X, ) be an ists and let p € Fp(X) be fived. If a mapping N, : IX — I®I
is the intuitionistic smooth neighborhood system of p w.r.t. T, then the followings hold:

(IN1) if p, (U) >0 and v, (U) < 1, where U € IX, then p € U,

(IN2) (V{iy, (U) : U € I}, M, (U): U € IX}) = (1,0).

(IN3 for any Uy, Uy € IX,

fin, (U1 NU2) > py (Ur) Ay, (U)
and
Var, (U1 NU2) S vy (Ur) Vv, (Ua),
(IN4) If Uy C Uy and Uy, Uz € I, then p, (Ur) < iy, (U2) and vy (Ur) > vy, (Ua).
(IN5) for each U € IX,
e (U) <\, VYA O\ i (V) V € IX,V C U}
ecV

and

Vi, U) = Nva, V)V () vy, (V) : VeT¥, vV C UL
ecV

Proof. (IN1), (IN2) and (IN4) follow directly from Theorem 5.5 (1).

(IN3) Let Uy, Uz € IX. If N,(U1) = (0,1) or N,,(Uz) = (0,1), then the required inequalities
are obvious. Now let us suppose p,, (Ur) = A1 > 0, vy (Ur) = p1 < 1 and py (Uz) = Ag >
0, I/NP(UQ) = po < 1. Let €1 > 0 and €3 > 0 be arbitrary such that e; < Ay AXg and €3 > 1V ps.
Then

,uNp(Ul) >\ —€ >0, VNP(Ul) <ppt+e <1
and
fin, (U2) > A —€1 20, v (Uz) < p2 +e2 < 1.
Thus, by Definition 5.4 (i), there exist 71,75 € IX such that
ur(T) > M —e€1, v (T1) <p1+e, peTy CUy
and
pr(To) > Xy — ey, vr(To) < g+ €9, p € Ty C Us.

So,

pr(Th NTo) > pr(T1) A pr(T3) [Since 7 €IST(X)]
16
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A1 A A2) — €,
+(T1) V vr (T2)
(1 +€2) V (u2 + €2)
= (1 V p2) + €2,

> ()\1 —61) A ()\2 —61)
= (

VT(Tl N Tg) S
<

and
peTinNTy, C Uy ANUs.
By the hypothesis,
pn, (Ui NUz) > (A Ad2) — e
and
Uy, (U1 NU2) < (1 V p2) + €2.

Since €1 and €5 are arbitrary,

tinr, (U1 N U2) 2 A A = py, (Ur) Ay, (Uz)
and
VNP(Ul NU2) < pg Vs = VNP(Ul) vV, (Uz).
(IN5) Let U € IX. If N,,(U) = (0,1), then the required inequalities are obvious. Let us

suppose N, (U) # (0,1), ie., py, (U) = A >0and v, (U)=p <1 Let e >0 and ea > 0 be
arbitrary such that e; < A and e > p. Then

par,(U) > A —er and vy, (U) < p+ ea.

Thus, by Definition 5.4 (i), there exists Vi € I such that

wr(Vo) >A—e, v,(Vo) <p+esand p e Vp CU.
Since Vo C Vo, iy, (Vo) > A — €1 and v, (Vo) < pu + €2 for each e € V. So

N by (Vo) =X =€ and \/ vy (Vo) > A+ e

ecVy ec€Vp

On the other hand, in particular, u, (Vo) > A — €1 and v, (Vo) < p + e2.

Thus

Vi, MIACA 1y (V) V € I¥,V CUY
ecV

> e, (Vo) A ( /\ tin. (Vo))

ecVy
>XA—¢€

and

Ny, VIV (\ vy (V) : V eIX,V CU}
eeV

< VNp(VO) Vv ( \/ VNe(VO))
ecVy
< p+ea.

Since €; and €5 are arbitrary, the required inequalities follow. This complete the proof. O

Proposition 5.8. Let (X, 7) be an ists and let p € Fp(X) be fivzed. If a mapping Q, : I* —
I &1 is the intuitionistic smooth Q—mneighborhood system of p w.r.t. T, then the following hold:

(IQ1) for each U € I, if pg,(U) > 0 and v, (U) < 1, then pqU,
17
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(1Q2) (V{pq,(U) : U € I}, A{vg, (U) : U € I*}) = (1,0),
(IQ3) For any Uy,Us € TX,

pQ, (U1 NU2) > pq, (U1) A pg, (Uz)
and
v, (U1 NU2) <vq,(U1) Vg, (Us),

(IQ4) if Uy C Uy and Uy, Uy € IX, then
1, (U1) < pg,(Uz2) and vq,(Ur) = vq, (U2),
(IQ5) for each U € IX,
1, (U) < \/H{uo, V) A (N)ve. (V) : V e TX,V C U}

eqV
and
va,(U) = Nlve, V)V (\/ v (U) : V e I,V C U}
eqV
Proof. The proof is similar to Proposition 5.7. g

Proposition 5.9. Let the mapping Q, : I* — I & I satisfies the conditions (1Q1)-(1Q5). We
define the mapping 7 : IX — I & I as follows: for each U € IX,
(A 1a. (). \ vo. (V) ifUelX\{a:aeh},
T(U) = eqV eqV
(1,0) if Ue{a:acli}.
Then T €IST(X ). Furthermore, the mapping Q, is unique the intuitionistic smooth QQ—neighborhood

system of p w.r.t. T.

Proof. From the definition of 7, it is clear that p,(U) + v, (U) < 1, for each U € IX. Then
7:IX — I ® 1 is a mapping. It is obvious that 7(a) = (1,0), for each a € I;. By (IQ1) and
(IQ4), for each e € Fp(X),
pe(1) = N na.(U) = no. (1) =1
eqU

and

vr(1) = \/ vo, (U) = vg, (1) = 0.
eqU

Thus 7(1) = (1,0). So the condition (IST1) holds.
Let Uy, Uy € IX. If U NUy = 0, then it is obvious that

pr(Ui NU2) =1 > pr(Ur) A pr(Us)

and
I/T(Ul n UQ) =0 S I/T(Ul) \ VT(UQ).

Let us suppose U; NUs # 0. Then, by the proof of Proposition 2.7 in [14],
pr(Ur N U2) = pr (Ur) A pir (U2).

On the other hand,

VT(UlﬂUQ)Z \/ VQe(UlmUQ)
eq(UlﬂUQ)
18
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< '\ [vq.(Uh) Vg, (Ua)] By the condition (IQ3)]
eq(U1NU2)
=V wvo)v( \ v ()

EQ(UlﬁUg) Eq(Ulr‘IUQ)

< (V va. ) v (\/ vo.(U2))

eqUy eqUs

= I/T(Ul) \Y V.,-(UQ).
So the condition (IST2) holds.

Now let {Uy}aer C IX. If U U, = 0, then it is obvious that
acl

pir ( U Ua) =12 /\ pir (Ua)

ael ael
and
vr( U Ua) =0< \/ vr(Ua).
ael ael
Suppose U Uy # 0. Then, by the proof of Proposition 2.7 in [14],

acl
NT(U Ua) 2 /\ pir (Ua).-
acl ael
On the other hand,

VT(U Ua) = \/ VQE(U Ua)

ael eqUaer Ua) o€l
< \/ vg.(Uya,) [By the condition (IQ4) and Result 2.6]
eqUa,
= VT(UOZO)'
Thus v, ( U Uy) < \/ v (Uy).
ael ael’

So the condition (IST3) holds. Hence 7 €IST(X).

Now we show the mapping @, : I* — I & I satisfying the condition (IQ1)-(IQ5) is unique
the intuitionistic smooth Q—neighborhood system of p w.r.t. 7.

Let a mapping M, : IX — I & I be the another intuitionistic smooth Q— neighborhood
system of p w.r.t. 7. Then, by the proof of Proposition 2.7 in [14], ug, = par,. Thus it is
sufficient to show that vq, = vy, .

Let U € IX. If pgU, then, by Theorem 5.5 (2) and (IQ1),

(591) VMP(U) :OZVQP(U).

Let us suppose pqU. Then
v, (U) = N{v-(V) : V € I*,pgV C U} [By Theorem 5.5 (2)]
=A\{ \/ vo, (V) :V € I pgV C U} [By the definition of 7]

eqV
> Muq, (V) : V € I*,pgV C U} [Since \/ vq, (V) > vq, (V)]
eqV
> vg,(U). [By the condition (IQ4)]
Thus
(5.9.2) vm, (U) > vg, (U), for each U € I* such that pqU.
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On the other hand,

>V;2\p{(l/zi(‘/) v (\ vq.(V)): V e IX,V C U} [By the condition (IQ5)]
= [Mre, (V) V (q\; vo.(V)): Ve I¥,pgV,V C U}]

AN ve, (V) vq?\/ vo.(V)): Ve I*,pgV,V C U}]
= Nvg, (V) Vv (\/VZ;(V)) 1V eI¥, pgV,V C U}

[By the condition (IQ1), vg, (V) =1 for pgV]
> MV vo.(V):V e ¥, pgV,v c U}

eqV
= VMP(U)-
So
(5.9.3) v, (U) > v, (U), for each U € I with pqU.
By (5.9.1), (5.9.2) and (5.9.3), vq, = var,. Hence M, = Q,. Therefore @, is unique. O

6. CONCLUSIONS

We introduced the concept of an intuitionistic smooth continuity and obtained some results

(in particular, see Theorems 3.8, 3.9 and 3.10). Next, we defined the intuitionistic smooth

subspace of an ists and obtained two properties. Finally, we introduced the concept of an

intuitionistic smooth base and obtained its characterizations (See Theorems 5.2 and 5.2). Fur-

thermore, we define the intuitionistic smooth neighborhood system and the intuitionistic smooth

Q@-neighborhood system, and obtained their characterizations (See Theorem 5.5).
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